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your cooperative schedule to meet during the summer. Thanks for popping yuur head in 

and giving pieces of advice. lL was always greatly appreciated. 

Like I , aid before, I am wri ting my preface last. I don't think I f'ull y understood 

the beginning until I reache I the end. Working on this project reinfo rced all those years 

of Math classes that I have taken. This project has its roots in Differe ntial Equations as 

well as Real Analysis. Because of tilis, I fmd myself a lucky Math major. Working on 

thi research ensur d that I fully understood the concepts and techniques studied in those 

classes. For this, I must thank my professors that challenged me in these course' as well 

as aU my Math and Computer Science courses. 

I have been inspired by my professors at Lycoming College, and for this reason I 

decided to embark on an honors project. I ho pe that this inspiration and enthusiasm is 

reflected in my paper. 
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Figure 1.3: Tenth figure in the sequence for Heighway's Dragon (the previous nine 
iterations are shown beneath it). 

FRACTALS AND CONVERGENCE OF SEQUENCES OF SETS LYCOMING COLLEGE 

LINDSEY M. CARR - HONORS PROJIo: r PAGE 8 SUMMER 2003 


















Figure 4.1: The Hausdorff Distance between 
two bounded sets, consisting of an elephant 
and a giraffe 

From th diagram, we see that the region around the giraffe does not sufficiently 

co ver the elephant, nor does the blue area cover the giraffe entirely. Thus. we must make 

the radius larger unlil both sets are adequately covered. The Hausdorff Distance is the 

lcast such radius. 

Theorem 2 [Scheinerman]: Let A, B, C, D be sefs in K(S). Then. 

DCA u B, C u D ) s max {D(A, C), D(B D )}. 

4.2 Is K(S) complete? 

W e want to prove that the metric space K(S) is complete. This fact will then help 

in our proof of convergence in cases where the limit is not obvious. 

Theorem 3: Suppose (5, p) is a complete metric space. Then the space (K(S), D) 

is also complete. 
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Consider Figure 6.1 below. 

... 


Figure 6.1 : Sequence of 
sets in ~2 that appear to 
converge to a circle 

The larger the number of sides of lhe polygons, the more closely they approach a 

circle. Let us check whether this sequence of figures tends to the limit which intuitively 

appears to be a circle using Hausdorff distance. 

The Hausdorff distance D (SI, C) between the triangle and the circle C i Y2. To see 

this, we fill the triangl with open balls of radius Ih, and observe that it cov rs the eirel . 

Similarly, we cover the circle with open balls of radius Y2, and observe that it covers the 

(original) triangle. IL is also clear that circles with at least a radius of Y2 are required. 

In a similar manner, we fmd D(S2,C) which is 1- ,fY2, is approximately 0.2929. In 

general, the Hausdorff distance from the nth set to the circle is: 

DeS", C)=1- (the closest point of the boundary of the polygon to the origin)=l- cos(nln). 

As n increases, the expression above approaches 0, and thus we conclude that the limit of 

th sequence relative to lhe Hausdorff metric is indeed the unit circle. 
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Let' s apply the Hausdorff distance approach to Heighway's Dragon (Figure 6.2). 

We consider the dragon whose tail is positioned at (0, 0) and head at (1, 0). 

/
/ 

Figure 6.2: Heighway's Dragon 

I t was the case in the previous example that we were able to find a particular 

limit. namely the unit circle. While the limit was obvious in that example, we are not 

able to predict the exact limit-set in the case of Heighway' s Dragon. Since we are not 

able to guess a limit, we must resort to using the Cauchy Criterion. [If a sequence is 

convergent, then the Cauchy Criterion is satisfied. However, the converse is not 

necessarily true.] Recall the Cauchy Criterion for a sequence [Dn] which states lhat for 

every positive E there must correspond an integer N such that for all p, q> N, 

D(Dp, D q) < E. 

In the present example, we can show that for all n > m, D(Dn, Dm) = 1I(~2)m+\. 

Figure 6.3A: Balls around first 
set cover the second set 

Figure 6.3B: Balls around second 
set cover the first set 

The figures above explain this distance calculation for the case of D J and D2 . 

The fig ure on the left depicts a ball of radius 2.15 sliding along /) \, just barely covering 

Dz. The figure on the right depicts a ball of the same radius sliding along D 2 , 
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